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In this paper, we show that a left artin ring A of global dimension at most 
two has Loewy length at most 2” - 1, where n is the number of simple 
components of A/rad(A). 
We assume that the reader is familiar with the trends (but not necessarily 
the details) of contemporary representation theory of artin rings. Let us 
record a few conventions. The rings discussed here will be left artinian, 
unless otherwise specified, and will sometimes be finite-dimensional algebras 
over an algebraically closed field, henceforth denoted by k. Modules will be 
finitely generated left modules unless otherwise specified. The radical of A 
will usually be denoted by r; the Loewy length of A is U(A) = 
min{n 1 r” = O}. For A-modules X and Y, we write A(X, Y) for Hom,(X, Y). 
If context makes the base ring obvious, we further shorten the notation to 
(X, Y). The projective dimension over /i of X is written as pd,X; gl.dim. ,4 is 
the global dimension of A. The linear dimension of a k-vector space V is 
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denoted by [V : k]. Ind /1 is a full set of isomorphism classes of finitely 
generated indecomposable /i-modules. The top of a A-module X is X/rX, X 
is local if its top is simple. Any unexplained terms or facts about rings and 
modules can be found in Anderson and Fuller [ 11; those about homological 
algebra in Cartan and Eilenberg 14). 
We now show that a basic left artin with global dimension less than or 
equal to two that has n isomorphism classes of simple modules has Loewy 
length at most 2” - 1. The proof will be by induction on n; it is based on the 
following technical result that involves few hypotheses. 
PROPOSITION. Let R be any ring with identity, M a left R-module, and I 
a two-sided ideal of R. Suppose that there are orthogonal idempotents e, e’ 
with e + e’ = 1 and e’le’ = e’12e’. Let there be positive integers n, I with 
I”M # 0 = I”’ ‘M and (eIe)‘eM # 0 = (ele)” ‘eM. Then 21+ 2 > n. 
Prooj There exist p,,..., p, E I and p E M with p,pz ..a p,,,u # 0. Note 
that P,P~ e.. p,,u = (e + e’) p,(e -t e’) ... (e + e’) p,(e + e’),u. When the right- 
hand side of this equation is fully expanded by the distributive laws, there 
must be a nonzero term T= ~,p,e,p~ ... e,,p,,~~+,p, with si E {e, e’). We 
first observe that for 1 < i < n, it cannot be that ci = ci+, = e’. For, if this 
occurred; we would have eipici+, E e’le’ = e’Z2e’, whence T E I”+ ‘M = 0. 
Now we wish to alter T so as to create an element in (ele)keM, for some 
k. If E, = e’, we discard the factor E,P,, and note that E* must equal e. If 
& ntl = e’, we write p’ =pnen+,p EM, and note that E, = e. We now have a 
new termO#T’=f,o, . ..fmumfm+.~“,withoiEI,fiE {e,e’},p”E (p,~‘} 
and f,=e=f,+,. Also, for 2 < i < m, it does not occur that A =A+, = e’. 
Further, we note that m > n - 2. Now, we rewrite T’; 
T’= (f,a,f&fia2fd .-a C.fm~,fm+,)(fm+,ru”)~ 
If some A = e’, then 2 < i < m, and (fi-, ciP ,A)(fiaiJ+ ,) E ele, since both 
A-1 andf,+, must equal e. Thus, T’ may be viewed as a product of elements 
of ele, multiplied on the right by an element of eM. When T’ is viewed in 
this way, the number t of factors from eIe in this product is m minus the 
number of occurrences of e’ in the list f, ,...f,. Since e’ can occur at most 
alternately in this list, we have t > m - [(m - 1)/2] = [(m + 1)/2]. (Here, [ ] 
is the greatest-integer function.) As T’ # 0, it follows that I> [(m + 1)/2]. 
Since m > n - 2, we thus obtain I> [(n - 1)/2]. If n is odd, say n = 2s + 1, 
we then have 1> s, 21+ 1 2 2s + 1 = n. If n is even, we obtain 21+ 2 > n in 
a similar way. This completes the proof. 
COROLLARY. Let R be a basic left Artin ring, let S be a simple left R- 
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module with Exti(S, S) = 0, and let e’ be a primitive idempotent of R with 
e’s = S. Then for e = 1 - e’, we have 
LL(R) < 2LL(eRe) + 1. 
Prooj In the proposition, take e’ and e as in the statement of this 
corollary, Z = r = rad(R) and M = R. By applying the functor (-, S) to the 
exact sequence 
O+re’-+Re’-+S-+O 
and using standard isomorphisms, we see that the condition Ext:(S, S) = 0 
is equivalent to e’re’ = e’r’e’. In the notation of the proposition, n = 
LL(R) - 1 and 1 =LL(eRe) - 1. Hence, LL(R) - 1 ,< 2(LL(eRe) - 1) + 2, 
i.e., LL(R) < 2LL(eRe) + 1, as claimed. 
Now we are in a position to prove the main result of this paper. 
THEOREM. Let R be a basic left Artin ring whose global dimension is at 
most two. Let n be the number of isomorphism classes of simple left R- 
modules. Then LL(R) < 2” - 1. 
Proof: As noted above, we will proceed by induction on n. If n = 1, then 
R is local, whence R must be semisimple, and hence a division ring. Thus, 
LL(R)= 1=2’- 1. 
Now let n > 1. If R is semisimple, the result is obvious. Hence, we may 
assume that 1 < gl. dim R ,< 2. We claim that R has a simple left module S 
of projective dimension one. This is obvious for gl. dim. R = 1; for the case 
where gl. dim. R = 2; see Lemma 1 of [8]. Further, this module S must 
satisfy Exti(S, S) = 0. Let P be the projective cover of S. Then P is 
indecomposable, and from the exact sequence 
O+rP-+P+S40, 
we easily deduce that Exti(S, S) z (rP, S). Since pd(S) = 1, rP is projective. 
It follows that if (rP, S) # 0, then P is isomorphic to a direct summand of 
rP. Then the properties of composition length force P E rP, whence S = 0, a 
contradiction. 
Let e’ be a primitive idempotent, with e’S = S, and put e = 1 - e’. By [8, 
Theorem A], eRe has global dimension at most two. As eRe has n - 1 
simple modules, the induction hypothesis gives LL(eRe) < 2”-’ - 1. By the 
corollary, LL(R) < 2(2”-’ - 1) + 1 = 2” - 1, and the proof is complete. 
We note that there are examples showing that the above bound is sharp. 
The detailed construction of such examples will be published elsewhere. 
In the proof of the theorem, we noted that if gl. dim. R < 2 and if S is a 
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simple R-module with pd, S = 1, then Ext:(S, S) = 0. We now show that the 
restriction pd, S = 1 is unnecessary. 
PROPOSITION. Let R be a left artin ring of global dimension 2, and let S 
be a simple R-module. Then Exti(S, S) = 0. Equivalently, there are no loops 
in the quiver of R. 
ProoJ: Again, we use induction on the number of isomorphism classes of 
simple left R-modules. As noted above, the case where this number is one is 
trivial. So, assume the result is true when this number is n - 1. Let R have n 
isomorphism classes of simple modules, represented by S, ,..., S,. We may 
assume that pd, S, = 1. Suppose that Si is a simple module with 
ExtL(Si, Si) # 0. From the proof of the theorem, it follows that pd,(Si) = 2, 
so Si 2 S,. Let Pi denote the projective cover of Sj, and put Q = Lly=, Pj. 
By [8], r= EndR(Q has global dimension at most two, and T= R(Q, S) is 
r-simple. Consider a nonsplit R-exact sequence 
From it, we obtain the r-exact sequence 
E:O-+ T-tR(Q,X)-t T-+0. 
As X is clearly a local A-module with top Si, we have a surjection Pi + X. 
Therefore there is a surjection R(Q, Pi)+ R(Q, X), whence ,(Q,X) is 
indecomposable (since R(Q, Pi) is an indecomposable projective r-module). 
Hence, E cannot split, so Extk(T, 7’) # 0, contrary to the induction 
hypothesis. 
We conclude by remarking on a possible application. If /i is a finite- 
dimensional k-algebra of finite representation type, and if M, ,..., M,, are 
representatives of the isomorphism classes of indecomposable left /i-modules, 
then A (A) = End,,(LI~=, MJoP is the Auslander algebra of A. It has global 
dimension at most two, and dominant dimension at least two (i.e., the first 
two terms in the minimal injective resolution of/i as a left module over itself 
are also projective). Also, any basic k-algebra with these two homological 
properties has the form A(A), for some A of linite representation type. See 
Auslander (21 for proofs. The quiver of A(A) is the Auslander-Reiten quiver 
of/i. Now, A (A) has n simple modules, where we recall that n is the number 
of isomorphism classes of indecomposable n-modules. Hence, 
LL(A(A)) < 2” - 1, by our main theorem. Therefore, if A(/i) is presented as 
a quiver algebra module relations, we know that all paths of length at 
least 2” - 1 (or even 4n - 1, by a result, special to Auslander algebras, of 
Igusa and Todorov [6]) must lie in the ideal of relations. Hence, if the 
relations involving shorter paths can be expressed using coefficients only 
ARTIN FUNGS 379 
from some finite set 5’ of k (with S independent of A), then any finite quiver 
can be the quiver of only finitely many isomorphism classes of basic 
Auslander algebras. Combining this remark with the results of Bongartz [3], 
it can be shown that if the assumption stated above on coefftcients involved 
in relations is correct, then in each dimension, there are but finitely many 
isomorphism types of k-algebras of finite representation type. This was 
conjectured by Gabriel [S]. A very different proof of this conjecture has been 
found by Roiter [7], and expanded in [o]. 
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